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JEE Syllabus :

limit and continuity of a function, limit and continuity of the sum, difference, product and quotient of two

functions, even and odd functions, inverse of a function.
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Ex.1
Sol.

Ex.2

DEFINITION OF LIMIT

Let f be a function defined on an open interval containing c (except possibly at ¢) and let L be a real

number. The statement !(I_FI‘(I: f(x) = L means that for each ¢ > 0 there exists a 8 > 0 such that if
0 < |x-c| <39, then |f(x) - L| <=

THE EXISTENCE OF A LIMIT

Let f be a function and let c and L be real numbers. The limit of f(x) as x approaches cis L if and only
if

Jm fx)=L and M fx) = L.
In other words limit of a function f(x) is said to exist as, x—a when
Limit fxy = Limit ¢y = A finite quantity .

x—a~ x—a*

f(a-) f(a*+)
[Left hand lim itJ [Right hand lim itJ

LHL. RHL.

2 —
Consider the function f defined by f(x) = % , X #E2

The domain of f is the set of all real humbers with the exception of the number 2, which has been

0
excluded because substitution of x = 2 in the expression for f(x) yields the undefined term 0 On the
other hand, x* - 3x + 2 = (x - 1) (x - 2) and .

y - axis

(x=1)(x-2) . x? =3x +2
f(x)= ————— =x-1, provided x#2 ...... (1) y=——"—, X#2
X-2 x—2
The graph of the function y = x = 1 a straight line L; L
so the graph of f(x) is the punctured line from L by 21

omitting the one point (2, 1) (See Fig.)

11

Although the function f is not defined at x = 2, we know /
its behaviour for values of x near 2. The graph makes it 1 > 3 X — axis
clear that if x is close to 2, then f(x) is close to 1. In fact, /
the values of f(x) can be brought arbitrarily close to 1 by /
taking x sufficiently close to 2. We express this fact by (Fig.)
writing. &

. x2-3x+2

lim————— =

x—2 X—-2

o

1,

2
- 2
which means that the limit of % is 1 as x approaches 2.

The graph of a function g is shown in the figure. Use it to 41
state the values (if they exist) of the following

3
(a) Lim g(x) (b) Lim g(x) //*’ y=9(x)
X= x—2° -
]

(o) Lim g(x) (d) l—irsn g(x)

(e) Lim g(x) (f) Lim 900 of 1 2 3 4 5 X

IVRS
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Sol. From the graph we see that the values of g(x) approach 3 as x approaches 2 from the left, but they
approach 1 as x approaches 2 from the right. Therefore
(a) Lir2r1 g(x) =3 and (b) Lim 9(x) =1
X— x—2*
(c) Since the left and right limits are different, we conclude that Lim g(x) does not exist.
Xx—2
The graph also show that
(d) Lirg] g(x)=2 and (e) Lim g(x) =2
X—> x—5*
(f) This time the left and right limits are the same and so, we have Lirrsl g(x) =2
X—>
Despite this fact, notice that g(5) = 2.
x—4 if x>4 ) im _
Ex.3 If f(x)= 8_ox if x<4 determine whether |1} f(x) exists.
Sol. Since f(x) = for x > 4, we have ’
I f0 = M =g = Ja=4 =0
Since f(x) = 8 - 2x for x < 4, we have
lim = lim - -8- = ol >
e f(x) = M (8-2x)=8-2.4=0 0| 4 X
The right and left-hand limits are equal. Thus, the limit exists and L'Lfl f(x)=0
The graph of f is shown in the figure.
(x? —6x+9) .3
Ex.4 Evaluate the left hand and right hand limits of the function f(x) = (x=3) ’ atx = 3.
0 ,X=3
M X # 3
Sol. The given function can be written as (x-3)
0 ,X=3
LHL = m £ = lim 3 - py = tim 220230 10D
e Xx—3- h—0 h—0 (3 —h- 3) h—0 (—h) h—0 —h
and R.H.L. = liM ¢x) = lim 3 4 h) = IimM = |imm = |imh -1
ik X—3+ h—0 h-0 (3+h—3) h—0 h h—0 h
Hence left hand limit and right hand limit of f(x) at x = 3 are -1 and 1 respectively.
cos[x], x=20 _ im _
Ex.5 Letf(x) = |x|+a, x<0 Find the value of a, given that "I} f(x) exists.
(where [ % ] denotes the greatest integer function)
i lim i lim = lim lim _h) = lim
Sol. Since M f(x) exists = M f(x)= M f(x) = [MFO-h)=MFO+ h)
= Li[)‘})lo—h|+a=r|1if(')cos[0+h] = a=cos0=1 . a=1
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fim| SN
Ex.6 Evaluate bald: .

} (where [ x ] denotes the greatest integer function)

sin~' x in-1
. sin”' x
Sol. LetP = |X'm for x>0,sin'x>x=> >1
—0 X X
_Sin’1 X— Sin_1 X
R.H.L. = lim =1 forx<0,sin'x>x = 1
x—0 X X
- A
. |sin”'x
L.H.L. = lim =1 Hence P = 1.
x—0 X

| x|

Ex.7 Solve Li_%[SiHT] (where [ x ] denotes the greatest integer function)

! x—0

X
Sol. Here “m[s'”T} , since we have greatest integer function we must define function.

.| sin|0+h] sinh
Now, RHL (put x = 0 + h) L'”(') T 0+n |/ Weknow —— —1ash-0butless than 1.
— + h
. .| sinh
M o=0{"|— |=0ash—>0} = RHL=0

_ i . |0=h] sinh
again, LHL (put x = 0 - h) [IM} SN o_n | We know O 1 as h — 0 but greater than -1.

lim _1=—1{-,~[—%}=—1ash—>0} = LHL=-1

~. limit does not existsas RHL = 0 and LHL = -1
C. FUNDAMENTAL THEOREMS ON LIMITS

Let b and c be real numbers, let n be a positive integer, and let f and g be functions with the following
limits. M f(x) = Land M g(x) = K
1. SumRule: IM[f(x) + g(x)]=L+K
2. Difference Rule: M [f(x) - g(x)] = L-K
3. ProductRule : M [f(x) g(x)] = LK
. f(x) L
4. QuotientRule: L'_QM =K providedK#0
5. Constant Multiplication Rule: J(I_FI‘(I: [bf(x)]=bL

6. Composition Rule : LMt £(g(x)) = f(inTaitg(X)) = f(m) ; provided fis continuous at x = m.

X—a

For example LMt /n (f(x) = In (ingaitf(X)) = In I(/ > 0).

X—a
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Ex.8 Evaluate the following limits and justify each step.
3 2
X7 +2x° —1
Lim (2x° - 3x + 4 b) Lim>—22
(a) Lim (2x” - 3x + 4) (b) Lim ===
Sol. (a) Lim (2x* - 3x + 4) = Lim (2x*) - Lim (3x) + Lim 4
- x—5 x—5 x—5
—2L|r2 x* —3L|r2 X + L|m 4—2(5 )-3(5)+4=239
X—> X—>
(b) We start by using laws of limit, but their use is fully justified only at the final stage when we see
that the limits of the numerator and denominator exist and the limit of the denominator is not 0.
. 3 2 _ . 3 . 2 _ .
L X2 -1 g et -t Hm s Fm s - Pnt P22 -1 1
x>-2  5-38x L|m(5 3x) - Lim5—-3Lim x - 5-3(-2) BEEEE
X—-2 X—-2 X—-2
D. NON-EXISTENCE OF LIMIT
Three of the most common types of behaviour associated with the non-existence of a limit.
1. f(x) approaches a different number from the right side of ¢ than it approaches from the left side.
2. f(x) increases or decreases without bound as x approaches c.
3. f(x) oscillates between two fixed values as x approaches c.
There are many other interesting functions that have unusual limit behaviour. An often cited one is
o _ 0, if xisrational _ _ o
the Dirichlet function f(x) = 1 if xisirrational. This function has no limit at any real number c.
0
E. INDETERMINANT FORMS : o 2, 0 X o0, 00—, 09, «x° and 1~
Ex.9 Which of the following limits are in indeterminant forms. Also indicate the form
1 iiiy lim x /n x lim l—i
@) lim~ o (iii) M (iv) M L~z
1 1
H H X - H X -s H H - H
(v) lim (sinx) (vi) lim (nx) (vii) lim (1+sinx)* (viii) lim (1)
- " 0 .
Sol. (i) No (ii) Yes 6 form (iii) Yes 0 x o« form  (iv) Yes (e — ) form
(v) Yes, 0° form (vi) Yes «° form (vii) Yes 1~ form (viii) No
Remark:
(i) '0’ doesn’t means exact zero but represent a value approaching towards zero similarly to ‘1’ and
infinity.
(ii) o+ 0= (ifi) o X o= (iv) (a/=) = 0ifais finite
a
(v) 6 is not defined for any a € R. (vi)ab =0, if&onlyifa=0o0rb=0anda&b are finite.
M 0 T? ON:: 394 - Rajeev Gandhi Nagar Kota, Ph. No. 0744-2209671,93141-87482, 93527-21564
Nurturing potential through e du catl on IVRS No. 0744-2439051, 0744-2439052, 0744-2439053, www.motioniitjee.com, email-hr. motioniitjee @gmail.com
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F.

METHODS OF EVALUATING LIMITS

(Rationalization, Factorization and Cancellation of Common Factors)

Ex.10 Evaluate lim arcsin(1_\/;J
x—1 —X
o (1=x - 1-4x . 1-/x 1 =
lim sin”" — cin~!|lim — cin ! | IIM ———————+ | = oj lim —cin !l ==
Sol- 5 (H] sin [H 1—xJ sin [Ma—&)(w&)] sin (HH\/‘] N 276
Ex.11 Evaluate lim x-2
' 2 x2 _4_Jx—2
xX-2 (WP -4-Ix-2) = (x-2)(VxZ-4-+/x-2)
Sol. = lim = lim >
T2l a4 fx—2 (C—4-Jx-2) =2  (-4)-(x-2)
— |im(x_2)(VX2_4_VX_2) = lim (X—2)( X2_4_VX_2)= lim x? -4 x-2 -0
T xo2 X2 —x—2 x—2 (x=2)(x+1) x—2 X +1 )
. 3(7-x)-2
Ex.12 Evaluate : lim ———
x>-1 (X +1)
(7-x)-8 (x+1)
3 J— — = =
Sol. J(7-x) =2 = 7 302 7-x"%2+4 = (x+12° +(x+1)%2+4 (1)
lim A-x) -2 lim (x+1)
S () et ()T —x)P P + (7—x) P2+ 4 [From (1]
. 1 1 1
= lim 2/3 1/3 = 4 =-_7
x> (7 =x)""+(7-x)"".2+4 4+42+4 10"
Ex.13 Eval - lim (1+sin3x) —
X valuate : T In(1+ tan 2x)
(1+sin3x) —1 [form_j_. (y/(1+sin3x) —1)(/(1+sin3x) +1)
Sol. x>0 |In(1+ tan 2x) T ox0 In(1+tan2x)(\/(1+sin3x)+1)
. sin3x . tan2x 3X i tan2x 3 1 3
= lim Cim—————|im . Jm - =1.1.—. = —.
x50 3x " x0In(1+tan2x)  x-otan2x X0 (y1+sin3x) +1) 2" (1+1) ~ 4
Limit |,/a2—x2 cot] =, [2X
Ex.14 Evaluate X>a- { 2V arx .
Limit | ,/a?2—x2 coti= Tojazx — Limit [j2 /. 12 T h
Sol. o { 27\ a+x oo V& —(@-h)® cot 1545
T h
_ Lrimoit \/28.h —h? Lrimoit x/_\/2a 21/ 2a—h
tanZ, /o2t tanz \/ 2a—h 2\/ 2a-h
. 2a-h 4a
- Lt VR zah x S < 2
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- im[2® 1+5n°
Ex.15 Find "7 on2+3  5n+1
. 2n®-13n2 +3 . 2-13/n+3/n® 1
Sol. lim s lim . o
n—e\ 10n° +2n° +15n+3 ) no<(10n+2n+15/n“+3/n 5
Ex.16 Find lim Vn2 +1++/n
X. in —
N—oo /n3+ _\/ﬁ
(n)[\/1+1/n2 +\/1/n} (\/1+1/n2 +\/1/nJ
lim limn'"* =0
Sob. 2 (i i) =" (Nt i
Ex.17 Find lim 2n cos n+1  n ><n(—1)n
X e e o —1 " 2n—1 1-2n n2+1
. 2 1 1+1/n 1 (-1" 1
Sol. lim | ——— |- cos - X S X—
ins\2—=1/n° )2 2n-1/n) (1/n=-2) (1+1/n%) n
.1 2 1+1/n 1 (=" 2 1 1 1
= lim —|————xcos - X = £ et —x%x—| =
1,";;0n[2—1/n2 [2—1/n] (1/n=2)" (1+1/n?) OX[QXCOSZQXJ 0.
o lim[ 22X o
EX.18 F|nd X—doo (1+8X3)1/3
1
|- (z-2) -2
Sol. im ——————+ = =-1
1/?30[ 1 j“s o’ (8)"°
—5 +8
X
Ex.19 Evaluate a, b, c and d, if Iim(\/x4 +ax® +3x2 +bx+2 —vx* +2x% —cx? +3x-d)=4.
X—oo
Sol. Here, Iim(\/x4 +ax® +3x2 +bx +2 — /x4 +2x° —cx? +3x-d)=4  (co—ooform)
X—oo
I im (@a-2)x> +(3+c)x® +(b-3)x+(2+4d)
Rationalizin
9= oe x4 ax® +3x% +bx+2 +Vx* +2x° —cx® + 3x—d
Since, limit is finite, so the degree of the numerator must be 2. So,a-2=0 i.e. a=2.
im (3+c)x? +(b-3)x+(2+4d)
== x4 £ ax® +3x2 +bx +2 +Vx* +2x° —cx? +3x —d’
dividing numerator and denominator by x? .We get,
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. (3+c)+(b-3)/x+(2+d)/x?
= lim
X—>°°\/1+a+3+b+2+\/1+2_c s_d
x x2 x* x* x x2 x* x*
3+c . 3+cC
= ——given, — =4 c=5 c=05, a=2
2 2
Hence, a = 2, c = 5and b, d are real humbers.
lim n2{ ]| 1 1 1 1 1 1
Ex.20 Evaluate nmn —cosﬁ —cosﬁ —cosﬁ 0en00
. 1 1 1
2 _ 1 _ 1 _ L 1
Sol. P = rI]Tln \/(1 cosn)\/(1 cosnj [1 cosnj.... Put = x
LI N
) \/(1—cosx)\/(1—cosx) (1-cosX).....0 . (1-cosx)2 2 27
P= lim 3 = lim 5
x—0 X x—0 X
(- 1 (sinx)? .
= Ilm( CSSX).( +C0SX) = lim Sinx .lim =(1)2. 1 = 1
x>0 X (1+cosx) x=0{ X x=0 (14 COS X) 1+1 2
G. STANDARD THEOREM
(1) SANDWICH THEOREM / SQUEEZE PLAY THEOREM
Statement : If h(x) < f(x) < g(x) for all x in an open interval containing c,
except possibly at c itself, and if Ay
lim lim O} 9(x)
i h(x) = ¢ = limg(x) IR
. h(x)
then lxlgcl f(x) exists and is equal to ¢ . g
< » X
v a
i _ 1+2x%2 |, xeQ
Ex.21 Find " f(x) if f(x) = 1+x* | xeQ
Sol. Consider | x| <1. x*<x2<2x2.

Now

By Sandwich theorem, L'LT} 1+ 2x2=1.

1<f(x)<1+2x% vy x.

Hence L'ﬂg f(x) = 1.

Ex.22 Let a function f(x) be such that | f(x) | < M for any x # 0. Prove that lmx f(x)=0

Sol.

We have | xf(X) | <| x| . M = -M|x|<xf(X)<M| x|

for any x # 0.

Since l'ﬂg M| x| =0and l'ﬂg - M | x| =0, by Sandwich theorem, L'Eg x f(x) = 0.
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(n+1)?
Ex.23 Use Sandwich theorem to evaluate: Lim Z -

N Jk

1 1 1 1
Sol. f(n)= + + Foereenns +—_—
V2 2 41 \/(n2+2) Vn? +2n+1

(2n+2) terms

terms of the sequence are decreasing and number of terms are (2n + 2)

1
on+2 on+2 Lim 2(n+1) ] 2”(1+nj
L N _co+h o U n)
Jn2sonst ()= Jo MO e 2 iongg TR L2, 1 ’

n+>+ -

2

. 2(n+1) . 2(n+1 nn

iy bim = = 1m 2000 © Limi(x) =2
n N—o0 n N—o0

ansk{f(x +ky) —f(x —ky)}
k=t

for every positive integer n and for all x, y € R. Prove that f is a constant function.

Ex.24 Suppose that function f : R — R satisfies the inequality, <1

Sol. Replacingnby (n-1)in, <1 (i)

ansk{f(x +ky)—f(x —ky)}
k=1

n2_1:3“{f(x +ky)—f(x —ky)}
k=1

Subtracting (i) and (ii) we get, |3"{f(x + ny)-f(x - ny)}| <2

we get; <1 ... (i)

= {f(x+ny)-f(x-ny)} < 33 .. (i)

We choose x and y such that x + ny =uand x - ny = v, whereu, ve Rand ne N.

2
(iii) becomes, [f(u) = f(v)]| < 3—n for arbitrary ne N
. L2 .
i.,e.,,asn s« = [f(u) - f(v)] < lms—n = If(u) - f(v)] €0 = f(u) = f(v) Hence f is constant.

(2) LIMIT OF TRIGONOMETRIC FUNCTIONS

Lim Sinx _
@) Do ~ - 1  (approach from left side)
Lim fanx o
(b) o ~ - 1 (approach from right side)
. tan~'x
() Hm =1
-
i sinT'x
@ p=— =1

[Where x is measured in radians]
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. _tanx-sinx
Ex.25 Find Lim————
x—0 X
sinX sinx 2 X
. _tanx-sin , B . - sinx.2sin® =
Sol. LimBMX-SNX i cosx T jmllocosxy) 2
x—0 X x—=0 X x-0 X COs X x50 X3 oS X
2 2
. sin5 2 . sinl
ol SINX 2| X of Sinx) | 72| 1
X X 2 X X 4 ,
2 . ) 2.1.1°.1
= Lim 2 = Lim 2 a1
x—0 x3 COS X x—0 COS X 1 2
(1-tan®)

Ex.26 Evaluate : eﬂghm

Sol. LetP =T (1—\/§sin6) 0 Put 6= 7
1—tan(n+h] 1 1+tanh
o _ lim 4 i 1-tanh o0
= h-on/4 (T = orm—
1—\/§sm[+h) h—0 ( 1 1 ] 0
1-+/2| ——cosh +——sinh
‘ 2"
. —2tanh . —2tanh
= I A tanh) (1 —cosh_sinh) _ h 1—cos h)(1+cos h
—0 — — — — —_
(1-tanh)(1—cosh-sinh) (1—tanh)( cos h)(1+cos )—sinh
(1+cosh)
- > m tarﬂ; - m sinh -
A—tanh) -5 _ginn (1—cosh—sinh) — 3" " _ginh
1+cosh 1+cosh
2 lim L 2 S - 2
= T% hso i T4 (1-0)0-1) T~
(cos h—sinh) _sinh__ (1=0)(0=1)
1+cosh

=\ tanx+cos?(tanx)

X——
2

; -1
Ex. 27 Solve [im \/tanx—sm{tan (tan x)}

T
Sol. Here, RHL at x = E

. tan x — sin{tan™" (tan x)} . tan x —sin(x —m)
lim > lim > ) T
*\ tanx+cos?(tanx) “Vtanx+cos®(tanx)  {-- tan™ (tanx) = x - =, whenx > =}

T
X—=
2
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sinx

1+
= lim |——tanx__ _ oy
ot 1 cos?(tanx) 1+0
e (1 +—1
tan x

\/tan x —sinftan~'(tan x)}

. _r _ lim >
again, LHLat x = > = . * | tanx+cos®(tanx)
2
_lim tanx - S|2n(x) {as tan™' (tanx) = x, when x < E}
T | tanx +cos”(tanx) 2
2
1 sinx
lim tan x 140 im tan x —sinftan™"(tan x)}
= X_)% 1+cosZ(’[an X) = 1+0 1. o tan x + cos?(tan x) 1
tanx 2
sin”'(1—{x}).cos™'(1-{x}) i i
Ex.28 Let f(x) = J203-0-{x}) , then find M f(x) and /M f(x).

(where {x} denotes the fractional part of x)

sin”'(1—{x}).cos™'(1-{x})
Sol. We have f(x) = \/2{x}.(1—{x})

lim f(x) = M £(0 + h)

x—0+

i sin”'(1—{0+h}).cos™'(1-{0 +h}) . sin"'(1=h).cos™'(1-h)
_ lim = lim
h—0 J2{0 +h}.(1- {0 +h}) h—0 voh.(1-h)

_ iim sin”'(1-h) im cos'(1-h)
T hs0 (1-h) T hso \op

in second limit put 1 - h = cos 6

sin'1-h) . _cos'(cosB)  sin'(1-h)

—lim>———"  lIM——=—==—=== _ |m>——— | lim— (- 6> 0)
h—0 (1-h) h-0,/2(1—cos8) h-0 (1-h) h-0 2sin(6/2) .
=sint1.1=mn/2

. . . sin"'(1-{0—h}).cos'(1-{0—h})

lim = lim _h) = lim

and x—0- f(x) = h—0 f(0 -h) = 5o \/Z{O—h}.(1—{0—h})

im sin”'(1+h—1).cos'(1+h+1) sin'h | cos'h n/2 T

= lim

lim ——— = -
~ ho0 \/2(—h+1)(1+h_1) h—0 h . hi%\/m =1. \/E — 2\/5
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LIMIT Page # 13
NOTE : LIMIT USING EXPANSION OF FUNCTIONS
N .x_,. xma x?/mfa x3ina o x x2 X
(i) a*=1+ 1 + o + T a>0 (ii) e —1W+ o +3! F e
. 2 X3 X4 . ) 3 X5 X7
(iii) /n(14x) = x—?+€—7+ ......... for—1<x <1 (iv) smx-x—a+5—ﬁ+ .......
2 4 U6 3 5
X7 X . X®  2X
(v) cosx=1—§ TR TI (vi) tanx = X+E+E+ ........
3 5 7 2 2 q2 2722
(vii) tanix = x— X XX (viii) sin"'x = x+1—x3+1 3 x5+1 3°5 X+
3 5 7 3! 5! 7!
2
2 4 6 nx X
(ix) secix = 142X 4% 67 (x) (L +x)n =14 77 PO =D 4 for—1<x< 1.
21" 41 6l Al 2
) . eS™ _sinx —1
Ex.29 Find Lim—————
x—0 X
, [1+sinx+sin‘2x+sin3x+ ] Sinx —1
e _ginx=1 @ |ttty e - -
Sol. Lim=—— "o = it 2 |3
x—0 X Lim 2
x—0 X
1 sinx 2 .
1+*2+7+ ----- . [smx] 1 sinx 1 1
; |_ |_3 =LtMm— | =t—+... |=7Z==
L|rT01 5 x=0\ X |12 |8 2 2
X—> X
) _x"—2x5 +1
Ex.30 Find Lim

x=1 x3 —3x%+2°

0
Sol. Thisis of the form 6 if we put x = 1. Therefore we put x = 1 + h and expand.
Lim X —2x5 +1 Lim 1+h)" —=2(1+h)° +1 Lim (1+7h+21h% +..) —=2(1+5h+19h? + ...) +1
=1 x3-3x2+2 0 (1+h)®-3(1+h)2+2 ~ m0  (1+3h+3h%+..)-3(1+2h+h%)+2
2 _
_ Lim—3h+h e Lim 3+h+ 1
h=0  —3h+.... h=0 —3+..
Ex.31 Evaluate LjToit w
X—sinx
. 3 3
sol.  Limit 48in’x _imit X" | imit 4x o4
- x—0 X—Sinx x=0  x—sjinx x—0 XS )
X_(X_ﬁ"")
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f(x)

Ex.32 Let f(x) be a function such that LI_FQ)T = 1. Find the values of a and b such that
x(1+acosx)—bsinx
im 3 =1
x=0 {f(x)}
x2 x* x® x°
. X(1+acosx)—bsinx X 1+a(1+2'+4|J —b[x—3|+5|—....J
Sol. Since, L'_rf(‘) RIRE =1_ lim : : : ' =1
x=0 {f)y°
1+a-b a b a b
x(1+a-b)+x® a,bl sfa_by, L2)+ e D Gl By 8
. 20 3! Y . X 20 3 41 bl
= lim 5 = 1= lim 3 =1
=0 {f(x)} 0 f(x
X
e i . a b
R.H.S. is finite then L.H.S. is also finite, then 1 + a -b=0and - EJFE =1
= -3a+b=6 then we get, a=-5/2andb =-3/2
Lim (1 _1+ax} _ 123
Ex.33 If the 00 33 m 1+ bx exists and has the value equal to /, then find the value of 2 1 b
1 1 A Jiex U —
+ax 1+bx — (1+ax)V1+x
Sol. o {m 1+bx} ! 2 yiex (o)
1+bx — (1+ax )t + x}?
= XL’[O ( & ){ } Use binomial expansion to get the following relations :
1 1 a 1 3 1
b-——a=0 -——+—=0 = — = — = ——
2 gt TP A=y b=y =73
(3) LIMIT OF EXPONENTIAL FUNCTIONS
Lim 2 1 _/na(a>0). Inparticular Lim 67_1 =1

. Jx+h _x
Ex.34 Evaluate tm (X+) X

(x > 0).

h
. [x+h en(x+h) NDY . JX+h én(x+h)7«/;€nx_
Sol Lim e —€ X _ Lim ex/?lnx e 1
- h—0 ~ h-0 h
h
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\/—h[fnx+ﬁn( D Jxnx

h

S
_ % | Lim e -1 |im x +h fn(x +h) —/x fnx L Lim
s>0 S h-o0 h h—0

T x/h
(x+h =Vx) X+h_\/;) + Lim Jx+h) ,€n[1+:] } = yx l:ﬂnx +L}

= y'x {Um nx
h—0 h h->0 X

2Jx  /x

—e *—2x

e*
Ex.35 Evaluate L|m
X—sinx
X —X
_ Lim & —& —2X
Sol. let L= vt 5 x— SinX
X v
X—Sinx 1

— Li - - —
Now ¢, = LM 3 = 5 (use x=31t)

X —X
¢. = Lim e —e —2x
2 x—0 XS

_ Limit &7-e-6y _ pimi (e/—eY)°+3(e’—e”¥)-6y
y—0 27y3 y—0 27y3

2y _4)3 1 !
Limit8(e l) :1£2 l, = 8+€— = (, = - Hence L=Z_1 = 2
y—0 27 (2y) 9 27 9 2

put x =3y

w

. . 1\ .
(4) (@) "M @+ = e = HM [1+;] Note : M %fn (1+x)=1
(b) Generalized formula for 1~ form :

If HMf(x) = 1 and HT g (x) =, then  HM [4(0]00) = ea o001

X—a X—a

/ncos(sint)

Ex.36 Evaluate lim 2
(sint) sint int))?
. [ 1-2sin2 SNV | _2sin ( ) sinl SNt L,
. fncos(sint) . 2 2 : 2 sin“ t 1
lim =lim . lim—2. : . -
Sol. -0 t2 -0 [smtj t2 = 150 sint 412 2
_2 n -
2 2
) Intan x
Ex.37 Find
x-n/41—cot X
n 1+tant
| | Intan(t+m/4) lim 1-tant
Sol. Pub X=t+ W% = Soi-coltrn/4) T 0. [cottcotn/4—1
cott+cotn/4
B ImIn(1+tant) imln(1—tant)(1+tant) 1 114111 2 1
= o 2tant T o —2tant _2['+']_2_'
t+tant
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lim /n(cos3x) 2sinx
Ex.38 Evaluate /') 2 e _e )
. In(cos3x).2sinx . /n(cos®3x).sinx.e*
Sol. lim 2(aX -X = lim 2 (2%
x>0 x“(e*—-e™) x>0 x“(e” -1)
=| 2n(1+cosSx—1)X(COSsX_DXZsmx>< 1
x>0 (cos3x —1) X (ex_1 e-x_1]2
+ X
X - X
_2sin? X ,
.| #n(1+cos3x—1) 2 2sinx 1
= lim X X X
x>0 (cos3x—1) x2 X ex_1_+e-x_1
X - X
=1x (-2 xgx2x1x—— g
- (=2) x5 1+1 27
. 2 4
Ex.39 Evaluate bm n(1+xZ+x*)
(e*—1).x
o n(14+xZ+x? - n
Sol. Lm ( 2 ) = HM i (14x4xt)
. i(1+x2+x471) . X2+X4 .
= HM ex® D = A =1

Ex.40 Evaluate : LM

Lim
Sol. /= 7,
cos
: Lim
consider 7, COS
TT 7T
Lim 2 2—ax
x—0 TT T
2 2bx

L
x—0 2_ax

sec? ;L o 2z 2z
sin2 TT e—l_xlf(l)tsec 5% C08 5ax
2-ax B

T H TC T

= sm( — )
2nax leo 2 2-ax
] X— . T T
2-bx S'”(z 2—bx)

Lim _—a@x 2-bx _a L e e‘fz
x->0 2—ax —bx b T
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(140" )"
Ex.41 Evaluate !('_T)(T] if it exist (where {x} denotes the fractional part of x)
1/{0-h} 1/(1=h)
lim lim lim 1+{0-hy"*™ lim (1+1-h)" 2
Sol. L.H.L. = 0 f(x) =T f(0 - h) =.m o = m e = e
1/fh 1/h
lim lim lim ( +{h})1/{h} i lim (1+h)1/h
R.H.L. = o f(x) = f(0+h) = Al o Al o
In(1+h)—h
', 1, (1/h)In(t+h) _ e N -1
N (L e L
h h e
In(t+h)
(e M —1) (In(1+h)-h
Jm |n(1+h)—h)'[ hZ j In(1—h)=h
= h = lim—————
e ...(1)Now let P P ...(2)
h—0 h
) . Inl—=h)+h
replacing h by -h then P= m)h—z ...(3)
. In(1—h?) . In(1-h?)
i = _— = _lim——— = _
adding (2) and (3), 2P Llﬂg o A0 (—h?) 1
1 .
“P=- > from (1), R.H.L. = el -¥/2 = e2 . L.H.L. #R.H.L. Hence P does not exist.
Ex.42 Evaluate l'ﬂl (m-2tantx) Inx
2
. —2tan™ o q4x2 .
Sol. lim{Z=2tan x) 0 Applying L' Hospital’s Rule= lim —1+X~_ — lim > (Inx)?
X—>o0 i 0 X—>o0 1 Xl x—e {4 X
/nx (Inx)? " x
1 1 2
2
X—300 2X X—>00 X X—>00 X
jim p] 3]=0 L 0
= - + = —
ke [2In x ] X =
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Ex.43

Sol.

Ex.44

1/
. x2+f(x))
Find a polynomial of least degree, such that 1'_% 1+T = e2,
1/x
. x2 +f(x) _ . X2 +1(x) o
Now, lim 1+—2 exists only when I|m—2 =0 (i.e. it converts to 1~ form).
x—0 X x—0 X

So, the least degree in f(x) is of degree 2. i.e. f(x)=ax*+a x>+ ......

1/x [ x2+f(x) |1 C24f

. x2 +f(x) X"TO[ 2 J; tim X410
NOW, lim 1+—2 = @2 = e =2 — € X = g2

x—0! X

X2 +1f(x) X2+ axt +agx® +.....

I|m—3 =2 N lim 3 =2

x X X X
=a,=-1,a,=2anda, a, ....... are any arbitrary constants. Since, we want polynomial of least
degree.

Hence, f(x)= x>+ 2x3.

- 1
Evaluate M x —x2 /n [1+;j.

X—>00

1
Sol. Put x=; = as X—w ; Yy = 0.
_Lm 1.1 _ Lm Y=M(Q+y)
Hence (= 7, vy Y2 n (1 +y) = 50 Y2
Put 1+y = e? as y—->0, z-50
_ Lm (e°1)-z |y &°—z-1 Put 7 = 2t
z—0 (ez_1)2 z—0 Z2
Lim €>'—2t—1 Lim (e'—1)?+2e'—2t-—2
t—0 4—,[2 = 150 412
Y4 L + / l L
— - - :> — e
4 2 2
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(5) BINOMIAL LIMIT : Lim X:‘an na™!

—a

X a

X X
Lim X =& _ Lim & =X
Ex.45 let ,, 5 =(,2a>0 & 02 3
Sol /- Lim ex/;nx_exéna ex(na [ex((nx—[na) _1] X(an—ﬁna)
. x—>a X-a x(fnx—-(na) Xx-a
h
Li (@+h)/n|1+—
= Qg2 h|—>0 a = g2
h
Li grina _ galnx ea/fnx[ex/fna—aénx_q x/fna-a/lnx
X -a Lim x/na-afnx X-a

X—a

Lim (@+h)/na-a/n(a+h)
= a%. h—0 h h—0

Now / =m = a=e?

Ex.46 Evaluate LiMit | tanX secx+tan—.secx+tan——.seC—t..... +tan—.sec—
X. valuate LIMI > 57-5eC 555805t oS0

T
h 0~ .
where x € ( 2)

. X : X
sin— sin x — =
2 [ 2j X
Sol. T, = X = X = tan x — tan —
COS— COSX COS—COSX 2
2 2
Similari T, = tan = — tan = d T =t
imilarly , = tan E — tan ? an 5 = tan —
X X X
T, = tan ot T tan o S = tanx — tan o SO e

Lim S

=m , a>0.If /=m then find the value of 'a'.

. /h
= g2 LM [zna—/én(1+%)a }:aa (/na-1)

tan x
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0 0 0
Ex.47 Define f(n, 0) = (1—’[8”25) (1—’[8”2?) [1—’[8”22—3) ...... to n factors.

: )
Show that UM f(n, 0) = e

0 cosh cos$
Sol. 1-tan?5 = ——g ; l-tan®? 7 = 2p and so on.
2 cos 5 2 cos” oy
1 1 1 1
Hence f(n,06) = cos 6 " g 5 )
COSy COS5y COS jny COS™ 5
0 0 sin®
But cos .cos_; .cos 5 ...... cos - = g
2 2 2"singg
otan-9
2 pcot® as n—o

0
Hence f(n,08) = cot®.2"tan — = coto.
(n, 6) o TT@
2n

n
Ex.48 Let f (x) = Lim ZSM Sin33ln and g (x) = x - 4 f(x). Evaluate Ling(1+g(x)
X—

N—oc0

)cot X

n=1

Sol. Usingsin 30 = 3sinB - 4 sin30

x

T. =sin3— = l SSini—SinX T =3sin3L= g vBSinL—Sin5 andsoon........
1 3 4 3 2 32 4 3? 3

1 X 1(,2 . X . X 1( 0 . X et . X
= —| 3sin—-sinx = —| 3°sin——38sin— = —|3'sin——-3""sin
( 3 J T2 4( 32 3] Ty 4[ 3" 3”‘)

T =7
. X
1 XSlng ’
! . X . —|Li —si
f(X) — %I_[E Z(sn S|n3—n—S|nX) =4 IrTLrE l sinXx = Z(X—Sin X)
3[’1

g(xX)=x-4f(x)=sinx

Lim (cot x)(sinx)

cot x
) — ean =e

now Lim(1+sinx
x—0

n rd—r+-
Ex.49 Evaluate lim > cot™'| ———
N—>eo £= 2
1
n rd—r+-
Sol. Here lim ) cot™| ———L
! Nn—oco ; 2
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lim itan’1 2 lim Zn:tan’1 2
= e 2 4 T e 14+ (r2 =n)(r? +r)

= lim itan“[ (rf +0)(r* -1) J - lim Zn:{tan’1(r2 +r)—tan”'(r? =r)}
- r=1 e

1+ (r2+r)(r? =r) —

= lim [(tan-t 2 - tan* 0) + (tan"*6 - tan™! 2) + (tan™* 12 - tan™'6)

n—oeo

I T
= M ftan-! (n? 4+ n) - tan~(0)} = tan! () ~tan=(0) = -

N—oco 2

3 1
n r-—r+- .
lim ZCO’[_1 — ==
= noe = 2 2

lim a,+1) a,+1 a, +1
Ex.50 Evaluate ' a, —a2 -------- a , Where a,

im a,+1) a, +1 a" +1 a, _
Sol. 1 a, a, ) a, We know, a,_, + 1= 'y (i)
|im[ﬂ]($](ﬂ] ..... [anﬂj 1 _lim =2 i 1
o=\ 2 \ 3 N\ 4 n+1j)a,a,...a, Tse(n+ 1)l T nse
jim| L 4 20 fim 1 Bt ing (i
~no=(nl ol T noelnl (n=1)l (n—1)! {using (i)}
= el nl (n=1)l (n—2)1 @ 111 {a, =1, given}
1 1 1 1 1 1
= lim| —+ + +oee —+—+-
o=\l (n=1) (n-2)! @! 111
{ 1.1 1 }
=e as, e=1+—+—+—+........ oo
11 21 3!

Ex.51 The function u, takes on the following values :

T R RS B 1
U= /U= 4 qg e U= g7t ga gt TREE

landa,=n(l+a,_,)vnx2

{using (ii)}

. 1
Prove that limu, <—
N—oo 2
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lim 2 _ _
Ex.52 Solve M x , when x2 =a+x,_,and x, = /3.

Sol. Here, x,= ./a X, = yJa++/a Which shows x, > X,

assuming X, > X__, = x2,-a<0
vda+1+1 vd4a+1-1
= VXt "5 Xt/ %5 <0
2 2
= < v4a+1+1 . lim y = Ilim ¢ =
n-1 2 . N—yoo n-1 N—yoo n
1xv1+4
- F-(-a=0 - €=%,since£20
1++1+4a . v1+4a +1
(= ——/— or limx,<—
2 - 2
Ex.53 The function u  attains the values
T R ES KRS IO S B orove that M U <2
ul—‘2,u2—2+2.4+2.4.6 un—2+2.4+.... 24..(2n) " rove that ' u < 2.
o 2" 2.4 2? 246 2°
n
at n
l+L+ L +.. 1 <1+i2+l+....<— LimunzLim21—[l) <2
2 24 246 2.4...(2n) 22 23 11 n—eo n—eo 2 '
2
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a+b a, +b,
Ex.54 If a, = ,/ab,, b, = A ab, , b, = 5 and so on for (a > b > 0) then prove that
ima, = limb, =— Y&~
now " noe 1 [42 _p?
tan™ b5 |

0 0
Sol. Putb = acos6wegetb =acos? 5 and a, = a cos 5

0 0 0 0
b, =acos  cos? —~ and a, =a cos ; COS

2 4 2 2 4
similarl eget a = acos E cos? — cos -, and b, = a cos E cos 2 cos? 5
imilarly we g .= 5 FRREIER on = > FRREE 2
__asin® db = asin®cos/2"
= & onging/2n M0 T Tonging/2n
i i 2 _ 2 2 _ 2
Now, I|ma _rllmznasm(/azn _asgne ~  lima, - a\/(a_1 b<) __ va'-b
sin@ N—sc0 acos '(b/a) an /a2_b2
b
asin6cosO/2" asind . . va? -b?
and I|m b, =Ilim - = = lima, =limb, =
no=  2Mging/2" 0 n—eo n—e 1[ /az_sz
tan”| ————
b

Ex.55 Leta, a,, ..... , a, be sequence of real numbers witha ,, =a, + \/1+a2 and a, = 0.

a, 4
Prove that “m(zn 1] po

Sol. Here, a ,, =a, + (1+a2, where let a, cot (a,)
= a,,, = cot(a,) + cosec(a,)

cos(a,)+1_ 2cos®(a,/2) —cofl %
= &S sin(e,)  2sin(a, /2)cos(a, /2) 2
Puttingn =1, a, = cot (a,) and a, = a; +,1+a2 =1
T
= cot(a,)=1lora, = 1

o T Oy T
again, a, = cot o | = cot 8 a; = cot |7, | = cot 402
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Page # 24 LIMIT
oy yis T 1
a, = cot| | = cot 408 e a, cot 400 )i Put on 1 =
cot[ n )
n , 4.2"" a, |_4
Hence, Ilm[ n 1) = rlgll n—1 = r!nm (TC j lm[2n1j_ T
tan| —x
4
X
P R
H. GEOMETRICAL LIMITS
Ex.56 A circular arc of radius 1 subtends an angle of x radians, 0 < x
< ©n/2 as shown in the figure. The point R is the intersection of 1
the two tangentline at P and Q. Let T(x) be the area of triangle
PQR and let S(x) be the area of the shaded region then find Q
. T(x)
(i) T(x) (i) S(x) (i) lm<—%
x—0 S(X)
O
. X PR
Sol. (i) InAOPR, tan o=
X
PR = tan 5= RQ (- Length of tangent fram a point outside the circle are equal)
and £ PRQ = (n - x)
1 i 1 X\ .
T(x) = Area of APQR = 5 (PR) (RQ) sin (m - x) = 5 tan? 5 | sinx ..(1)
a X sinx
= tan o)~ —2
(ii) S(x) = area of Sector OPQ area od A OPQ
Sl gy ol v e xesino
—2().x 2.().smx = 5
X\ sinx
a2 -
o T(x) im 2 2 fim fan (x/2)sinx
()M Sx) = +0  (x—sinx) =5 (x—sinx)
2
tan(x/2) \’( sinx , _ 5
_ il x/2 x ) x*  _ 1 im (ta”(’”z)) lim (S'”Xj im X _3
XILT(]) (Xx—sinX) T 4 x-0 X/2 x—0 X x>0 (X —sinx) 2
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[ Exercise -1 ] SINGLE CORRECT (OBJECTIVE QUESTIONS) ]

1. Lmit(1 - x + [x- 1]+ [1-x])is
(where [ x ] denotes greatest integer function)

(SA)Io (B) 1 (C) -1
Ol.
2. lim sec“[LJ -
X—>c0 X+1
wo B (O
Sol.
3. Limit SN =1 _
"oz In(x=1)
(SA)IO (B) -1 (C) 2
Ol.
x? sin(lj
«. Lim ——=%-,is
1 1
W3 ®B-3  (©0
Sol.

(D) does not exist

(D) does not exist

(D)1

(D) not exist

. sin(In(1+x))

Limit
5. The value of HIM In(1+ sinx) is
(A) O (B) 1/2 (C) 1/4 (D) 1
Sol.
oL
X_i
6. I;LT/'E cosx | IS (where [ x ] denotes greatest

integer function)
(A) -1 (B)O
Sol.

(C) -2 (D) does not exist

7. The value of Limit
X—n/2

tan? X (y2sin?x +3sinx+4 —sin®x + Bsinx +2) is

equal to
(A) 1/10 (B)1/11 (C)1/12 (D) 1/8
Sol.
x%.sin -+ x+1

8. Limit+ =

xoe XS4+ X+1
(A)O (B) 1/2 O1 (D) None of these
Sol.
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9_LimitMis

noe  4n—(—1)"

a3 g - 3 3 e odd
(A) 4 (B) 4 fniseven; —ifniso

3
(C) not exist if n is even ; —Z if nis odd

(D) + 1 if nis even ; does not exist if n is odd
Sol.

. (| nsin® ntan®
10. The limit M | —5— |*|~5 ||, ne Nis

(where [ * ] denotes greatest integer function)
(A) 2n (B)2n+1 (C)2n-1 (D) does not exist
Sol.

Limit T sin| =
11. 500 ncos | 4 )sin| 4 | has the value equal to

(A) /3 (B) n/4 (C) /6 (D) None of these
Sol.

im sin[x — 3]
12, M —[x Y
(where [ * ] denotes greatest integer function)
(A)O (B)1 (C) does not exist (D)sin1
Sol.

X492 X+1

13. Limit( j =

x—e | X =2
(A) e (B) e™* (C) &2 (D) None of these
Sol.
14, Limit (1 4 tan® /)" =
(A) e’ (B) e’ (C) e (D) None of these
Sol.

15. The value of L—LT/'E (1 +[x])Y"E@ %) s equal to
(where [ * ] denotes greatest integer function)

(A) O (B) 1 (C) e (D) e?
Sol.

(x2—2x+1Y
t6. Lx'ﬂ{m} -
(A) 1 (B) 2 (C) &° (D) e
Sol.

tan| =%
2
17. Thelimit Limit[2—3j “is equal to
X

X—a

(A) e—a/n (B) e—2a/1r, (C) e—2/1:

Sol.

(D) 1
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18. If [x] denotes the greatest integer < x, then

.
Limit—3 ([2° x] + [2® x]+ .... + [n’ x] ) equals

(A)x/2  (B)x/3 (C) x/6 (D) x/4
Sol.
o 5n+1+3n_22n
. Limt—«++——— =
19 Jinml 5n+2n+32n+3
(A) 5 (B) 3 O)1 (D) zero
Sol.
x—=1 x2>1 x+1 x>0
20. P10 = 1052 o x<17 9= 1_x241 x<0
and h(x) = |x| then find LiM f(g(h(x)))
(A) 1 (B) 0
(-1 (D) does not exists
Sol.
[1 —tan Zjﬁ —sinx)
21. Lim/it is
one [1+tanxj(7c—2x)3
2
(A)1/16 (B)-1/16  (C)1/32 (D) -1/32
Sol.

xsin[lJ+sin[i2j x#0 )
22. Let f(x) = X X , then lim

0 x=0 o

f(x) equals
(A)O (B) -1/2 (C)1 (D) None of these
Sol.

... cos ' (1-x)

L t— =
23. XILTS[ Jx

1
(A) N (B) 2 1 (D)0
Sol.

24. If o and B be the roots of ax’ + bx + ¢ = 0, then

g
lim(1+ax? +bx +¢c)*x is
(A) a (a-B)

(C) ea(ﬂﬂ—ﬁ)
Sol.

D—COSX _ 1

. Lim ——=
25 x=n/2 X(X—7/2)

2/n2
b4

(A)

2
(©) =

(B) In fa (a—B)|
(D) ea|0C—B|

(B) /n2

(D) does not exists
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Sol.

26. lim (cosmx)™*
x—0

(A) e—mzn/4 (B) e—mzn/2 (C) e—mn2/2 (D) e—mn2/4

Sol.

. «\ SinX
27. 'X'gg,{ﬁ—e )W} is

(where [ * ] denotes greatest integer function)

(A) -1 (B) 1

(©o (D) does not exist
Sol.

28. Limit (@ -1 =

x—0 . [X] ( ij
sin In| 1+ =
p 3

(B) 3 p (log 4)°
(D) 27 p (log 4)°

(A) 9 p (log 4)
(C) 12 p (log 4)°
Sol.

LIMIT
29. Given a real valued function f such that
2
—tzan [X]2 x>0
(x* =[x]%)
f(x) = 1 x=0 then

J{x}cot{x} x<O0

(where [ x ] denotes greatest integer function and
{ * } denotes fractional part function)

B) Im f(x) = cot 1

x—0"

(A) M f(x) = 1

x—0

(C) cot™ (XILTf(x)jZ _1

(D) fis continuous at x = 0

Sol.

. 1—cos x~/cos2x
30. The limit lim 2z is equal to
(A) 1/2 (B) -1/2 (C)3/2 (D)1
Sol.

. 1
31. I_Xl_)molt X = X2 In (1‘*‘;] is equal to

(A) 1/2 (B) 3/2 (C)1/3 (D)1

Sol.

32. Evaluate Limit L-r L + 1 +ot L
e \/n72 \/n2+1 \/n2+2 \/n2+2n

(A) 1 (B) 1/2 (©o0 (D) 2
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LIMIT Page # 29
Sol. Sol.

. (2 _
33. The graph of the function f(x)= %IT[—X cot™ tiz) ,is
o\ T

A
A
! y=x
11—
(A) < > (B)
— v
v
A
i A
{ pr2
Ok > (D)
S eeEEERREeeR $-oomnnnees »
v
Sol.

34. If L—Lr[} f(x) exist and is finite & non zero and if

Lim[f(x) +%] = 3 then the value of L—LT f(x) is
X—>00! X

(A)1 (B) -1

(© 2 (D) none of these

Sol.

cos(sinx) —cos x
X
(C) 1/4

35. The value of inTOit is equal to

(A) 1/5 (B) 1/6 (D) 1/2

1 1
ol -bF
36. Limit

n

J,neNisequalto

X—>00 X

(A) 0 (B) In (2/3)

Sol.

(C)In(3/2)z (D) none

2x
. a b
37.1If |X-I_[Q[1 S +7] = €2, then the values of a &b

are
(A)aeR,beR (B)a=1,beR
(C)aeR,b=2 (D)a=1b=2
Sol.
38.Um£§ﬂtﬁﬂ,neN

X—>00 [x]

(where [ x ] denotes greatest integer function)
(A) has value - 1 (B) has value 0

(C) has value 1 (D) does not exists
Sol.
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x% +5x +3
39. L—'_)T 13 is equal to
(A) e* (B) e? (C) e? (D)e
Sol.

40. Let o and B be the distinct roots of ax®> + bx + ¢ = 0,
1-cos(ax? +bx +¢)
(x—o)?

then Ix'l_[g is equal to

1 2 a’ 2
(A) 5 (ou—B) (B) - ?(OC—B)

a2
(©)o (D) ?(OC—B)2

Sol.

.t i 2(\/5 Sin(;E + xj - cos{TGE + XD

x+/3(+/3 cos x — sinx)
(B) 2/3 (C)4/3

x—0

(A) -1/3
Sol.

(D) -4/3

1n+2(n-1)+3(h-2)+....+n.1
12422432 4. 4n?

42, lim

N—o0

has the value

1 1 1
5 B3 © ()1

Sol.

43. Let (tana) x + (sin o) y = aand (a cosec o) X +
(cos a) y = 1 be two variable straight lines, o being
the parameter. Let P be the point of intersection of
the lines. In the limiting position when o — 0, the
coordinates of P are

(A)(2,1) (B)(2,-1) (C)(-2,1) (D)(-2,-1)
Sol.
. . cosec X
44. !('LT(])(CO{ZHD =
(A) et (B)e? (C) e (D) et
Sol.
sin[cos X]

" x=01+[cos X]
(where [ x ] denotes greatest integer function)
(A) equal to 1 (B)sin1
(C) equal to zero (D) non existent
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LIMIT Page # 31
Sol. ¢ In(x® +e) ¢ lim ¢ lim
49, Let f(x) = /@n(x4 +e2x) I 0T f(x) = ¢cand T
f(x) = m then
(A)r=m B)¢r=2m (C)2¢=m (D)¢+m=0
Sol.
: [ 1 1}*
46. lim| sin—+cos— | is
X500 X X
(A) e (B) e? (C)1/e (D) does not exist
Sol.
: > i 1-cosO
efnx +enx _ZCOS%_kxz 50- Leta =min {X + 2X + 3, Xe R) &b = 9I—r)rfl)T .
47. If |im exists and finite,
x=0 (sinx —tanx)
then possible values of *n” and *k’ is : H | ; Zn: Rt
(Ayk=3,n=3 (Byk=3,n=-2 Tevaueorzoa is
(CO)k=5n=2 (D)k=-5,n=2
Sol_ 2n+1 _1 2n+1 +1
(A) n (B) n
3.2 3.2
4n+1 _1
C D) None of these
(©) 5o (D)
Sol.
X~3, cosh™ ¢
48. If A, = ,i=1,2, ... n and ) o t gt
1 [x-ay] 51. lim X | Wwhere cosht =2 is equal to
i cos—
a; <a,<a;<...<a, X“_[Qm (A A, ..A), 1<m<n X
(A)isequalto (-1)""™*! (B)isequalto(-1)"~™ 2 2 32 )
(C) is equal to (-1)™ (D) does not exist (Aye® (B)e" (C) e 2 (D) e*"
Sol. Sol.
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o _
[z—cot 1{x})x lim sin(6x?)
52. im~_ /s 56. M o2 o
x>0" SgN(X) — COS X 0 /ncos(2x” - Xx)
(where [ x ] denotes fractional part function) (A) 12 (B) -12 ()6 (D) -6
(A) 2 (B)1 Sol.
(o0 (D) does not exist
Sol.
53. M [(1 4+ x) (1+x?) (1 +x%) ..... (1 + x¥)]
if |X] < 1 has the value equal to
(A)O (B) 1 (C)1-x (D) (1 -x)1 n 1 1
_ X—— || Xx——— li ;
Sol. 57. If f(x) = AZ:J[ k]( k+1] then M £(0) is
(A)1 (B) -1
(© 2 (D) None of these
Sol.
X3
lim —
54. If ') \/a+x(bx—sinx) 1 then the constants
‘a’and ‘b’ are (where a > 0)
(A)b=1,a=36 (B)a=1,b=6
(C)a=1,b=36 (D)b=1,a=6
Sol.
-x2/2 _
58. Limite i 'cosx _
x—0 x° sinx
(A) 1/4 (B) 1/6 (C)1/12 (D) 1/8
Sol.
. Pn+22(n-1)+3°(N-2)+....+n°.1
55. “m 3 3 3 3
n—eo 1°+2°+3° +....+n
(A) 1/3 (B) 2/3 (C)1/2 (D) 1/6
Sol.
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[ Exercise — 11 [ MULTIPLE CORRECT (OBJECTIVE QUESTIONS)]

x% —9x +20
x —[x]
(where [ x ] denotes greatest integer function)

1. Let f(x) = then

(B) Limit f(x) = 1

x—5"

(A) Limit f(x) = 0

x—5"

(C) LXiTSit f(x) does not exist (D) none of these

Sol.

€0S2—Cc0S2X

2. Let f(x) = — 2]

, then

(A) Lim f(x) = 2sin2  (B) LM f(x) = 2sin 2

() XLL'H f(x) =2cos2 (D) I;ﬂ‘ f(x) 2 cos 2
Sol.
2
3. Letf(x) = X +2 _
3x—-6

(A) Im gy = - 1 ) Im f(x) = 1

X—>—oo 3 X—yo0 3
© Jim fx) = 1 ©) Im )= - 2

X—>—c0 3 X—yo0 3
Sol.

1/x

4, If in[)n(jt (cos x + a sin b x)"* = e°, then the

possible value of ‘a’ &'b’ is
(A)a=1,b=2 (B)a=2,b=1
(C)a=3,b=2/3 (D)a=2/3,b=3

Sol.
. X(1+acosx)—bsinx . 1+acosx
5. If /| = Lim 3 = Lim———
x—0 X x—0 X
. bsinx
- lim=——— where / € R, then
x=0 X

(A) (a, b) = (-1,0) (B)a&barenayreal numbers

]
(C) /=0 () /=5

Sol.

sin2x +asinx

6. If inToit N = p (finite), then
(A)a=-2(B)a=-1 (C)p=-2 (D)p=-1
Sol.

7.1If inTOit (1 + ax + bx*)¥* = €3, then find values of

aandb
(A)a=3,b=0
(C)a=3/2,b=3/2
Sol.

(B)ya=3/2,b=1/2
(D)a=3/2,b=0
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g, lim @+ _
Txoe X"+ A
(A) a"ifne N

1T
(C)mlfn—o

Sol.

. 1)
9. The value of lim|1+—1 s
X—>o0 x"

(A1, vy n>1
(C) o, VNEe (OI 1)
Sol.

(B xifneZ&a=A=0

(D)a"ifne Z,A=0&a=0

(B)e, v n>0
(D)0, v n>1

10. Let o, B be the roots of ax? + bx + ¢ = 0, where

. |ax® +bx+c| _
1< o< p.Then lim ——————— =1 then which of

X=X ax? +bx +c¢

the following statements is incorrect
(A)a>0andx, <1 (B)a> 0andx,<B
(C)a<Oanda<x,<p (D)a<Oandx,<1
Sol.

[ Exercise - |

SUBJECTIVE QUESTIONS ]

13 7
1 Lim M
" x—1 {)/;_Q/;
Sol.

2.

Lim X2 = X./NX+ (X —1

x—1 X—1

Sol.

100
Zxk -100
g, LmL=t 1

x—1 X —1

Sol.

|-if‘f}t 1—tanx
A x>0 1 2 sinx

Sol.

MoTio
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x—1

Sol.

Lim|[_P___Qd |,
5. (1—xp 1—qu’ PrgeN

6. Find the sum of an infinite geometric series whose

tanx —sinx

sin® x

as X = 0 and whose common ratio is the limit of the

first term is the limit of the function f(x) =

X
function g(x) = m as x — 1.
Sol.
Lim el+e
7. ... (X-(n cosh x) where cosh t = 5
Sol.
Lim cos‘1(2xxl1—x2)
/

8. (a) xeﬁ X_i
Sol. V2

b Li"}t 1—+/sin2x
(b) o2 ax

Sol.

(©) Lim [x]2+15[x]+56

X=>=7 " gin(x +7)sin(x +8)
(where [ x ] denotes greatest integer function)
Sol.

Li”31 1+Jtanx

9. st
X 4 1-2cos?x
Sol.
.8 2 2 2 2
Lim .S X X X
10. ., N 1—cos?—cosT+cos?cos—
Sol.

Lim /2 —cose-sin®
11, . ————

4 (40-m)?
Sol.

. sin(ﬁ+4hj—4sin[£+3hj+Gsin[EJr2hj—4sin[£+hj+sinE
Lim 3 3 3 3 3

12. h—0 ht

Sol.
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13 le
Sol.

x+2_ X+3
X X

14. LI o [N (1 + sin2x).cot(/n? (1 + x))]
Sol.

15. Finda &b if

iy Lm_ [\/x2—x+1 —ax—b}:o

Sol.

16, Lim (3x4+2x2)sin%+|x|3+5
X2 P x P+ x|+

Sol.

17. If ¢ = le Z(rﬂ sm——rsm ] then find
r

Sol.

Lim _(/n(1+x) - /n2)(3.4*' - 3x)

18.

1 1

21174 %)% = (14+3x)2].sin(x 1)
Sol.
1o, Lim 27 -9 -3%+1

x=0 5 _f1+cosx
Sol.

X

20. Let f(x) = m,x>0 and g(x)=x+ 3,

Xx<1

=2-X%X, x<0 -2Xx-2, 1<x<2

-5, X>2
find LHL and RHL of g(f(x)) at x = 0 and hence find
M 9(f(x)).

Sol.

Lim LY
21.(a) ,,, tan 2 where (a > 0 & a € R)
Sol.

(b) Plot the graph of the function

i 2X 1 X
f(x) = !—'jg (? tan 1t_2J
Sol.
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LIMIT Page # 37
— )2 2 2 2
22.LetPn=aPnf1—1,Vn=2,3, ................. and 26.Ifne Nanda, =22+ 42+ 6% +...... ...+(2n) and
P b,=12+ 32+ 5 +........ + (2n - 1)2. Find the value
Let P, = a*x - 1 where a € R* then evaluate )I("_r:qo -,

Sol.

23. 1 the HM 4 [~ 12| oyicts and has th
. If the 3\ fiex  1+bx exists and has the

x—0

1 2
value equal to 7, then find the value of 3 7 + E.

0 b
Sol.

i .exp(xﬂnu+ﬂ))—exp(xfn(1+ﬂ))
Lim
24. y|—>0 Limit X X

n—oo

Sol.

Lim ¥an — oo
n

T

X
i X+C
X0 y 28. Lm (—] = 4 then find ¢
X—C
Sol.
Sol.
Lim [y, )2
29. ] (tanTj
Sol.
25. Let {a }, {b,}, {c,} be sequences such that
(i)a,+b, +c =2n+1; (ii)ab +bc +ca =2n-1
(iii)abc =-1; (iv)a <b, <c,
Then find the value of 5™ (na ).
Sol. Lim [ X—1+cosx %
im [ 2~
30. x—0 ( X j
Sol.
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[ Exercise -1V |

ADVANCED SUBJECTIVE QUESTIONS

1. Lim sin(fnwfcosgj

Sol.

2, X'—i_[Tlo [cos{Zn(%} H aeQ

Sol.

- -1

sin”'(1—{x}).cos™ '(1-{x}) . Lim
3. Letf(x) = \/2{)(}'(1_{)(}) then find ,— +
f(x) and XL_i)rgi f(x), where {x} denotes the fractional
part function.
Sol.

2Vn2+n-1
Lim VnZ +n 1

4. N—s oo T
Sol.

5. Lim

X—o0

1 1 1 1\NX
aqx +apx +agx +...+apx
n

where a,,a,,a,,....a,>0
Sol.
1/x
Lim | X"
6. x—0 e
Sol.
x? t, ot

4. Lim [cosh(@/) ) heo 21€

* x> | cos(n/x) where cosh t = >
Sol.

. 1 2 2
Lm ——— a +x —2sin ﬂ sin TC_X
8. . 2 (a2—x2)2 [ ax 5 5 where a

is an odd integer
Sol.

Lim (1=x)0-x3)1-x3)....(1-x2")

9. If L =5 [(1-x)1=x2)A=x3).oc. (1= x")?

show that L can be equal to
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n
n+r
@ [
r=1
Sol.

(4r-2)

> |
—-

1
(b) -
Sol.

—_

re

(c) The sum of the coefficients of two middle terms in
the expansion of (1 + x)2"-1,
Sol.

(d) The coefficient of x" in the expansion of (1 + x)?".
Sol.

Lim a@x® —x2)+b(x® +5x2 —1)—c(3x> + x?)
10. If , 4yt 4 2 =
a(bx™ —x)—bx™ +c(4x™ +1)+2x“ +5x

then the value of (a + b + ¢) can be expressed in the

A

lowest form as % Find the value of (p + q).

Sol.

11. letx, =2 cosg and

X.=2+Xnq,n=1,2,3, ..., find HM 20" 55"

Sol.

>0, o (3
13. letl = H[1‘_2J ;M= H(”S 1
nop \ N7 +1

n=3 n

j and

(a0 .
N= H tron then find the value of L™* + M~* + N1,

n=1

Sol.

14. A circular arc of radius 1 subtends an angle of x

radians, 0 < x < g as shown in the figure. The point C

is the intersection of B

the two tangent lines at A & B. C
Let T(x) be the area of triangle 1

ABC & let S(x) be the area of the

shaded region. Compute : ©) 1 A
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Sol.

(b) S(x)
Sol.

o T(x)
(c) the limit of % as x — 0.
Sol.
i < 1ain3 X
15. Let f(x) = HM > 3™ sin’ = and
n=1 3
Lim

g(x) = x — 4f(x). Evaluate Ty (1 + g(x))=x.

Sol.

n
16. If f(n,e)=H[1—tan2§J, then compute
r=1

Sol.

Lim
Nn—oo

f(n, 6)

2 4

x—0 X

\/0052x+(1+3x)1/3 _?/4cosax—,€n(1+x)4
17.L = Lm

If L=a/b where'a’ and ‘b’ are relatively primes find (a+b).
Sol.

Lim f(x)

x—0

18. f(x) is the function such that = 1. If

x(1+acosx)—bsinx

(f(x))®

Lim
x—0

= 1, then find the value of a

and b.
Sol.

19. Through a point A on a circle, a chord AP is drawn
& on the tangent at A a point T is taken such that
AT = AP. If TP produced meet the diameter through A
at Q, prove that the limiting value of AQ when P moves
upto A is double the diameter of the circle.

Sol.

20. At the end points A, B of the fixed segment of
length L, lines are drawn meeting in C and making
angles 6 and 26 respectively with the given segment.
Let D be the foot of the altitude CD and let x repre-
sents the length of AD. Find the value of x as 6 tends

Lim

to zeroi.e. 4,5 X.
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Sol.

21. At the end-points and the midpoint of a circular
arc AB tangent lines are drawn, and the points A and
B are joined with a chord. Prove that the ratio of the
areas of the two triangles thus formed tends to 4 as
the arc AB decreases indefinitely.

Sol.
22.7FL= bim| 1 L then find the
. x>0 n(1+x) €n(x+\/1+x2)
L+153
value of ————.
Sol.

1
2x2" gin— + x

23. Let f(x) = HM 1—2’; then find
+ X

(@) HM x f(x)

Sol.

(b) LM f(x)
Sol.

(c) HM(x)
Sol.

(d) Hm

—>—oo

Sol.

f(x)

24, Using Sandwich theorem, evaluate

‘ 1 1 1 1
Lim + + Foeeen, NI —
(@) == \/n_2 \/n2+1 \/n2+2 \/n2+2n

Sol.

. 1

Lim _c
b +
(b) n—e 4402 2+n

Sol.

25. The sequence {a,}'~, is defined by a, = 0 and

a,,,=a, +4n+3,nx1.

n+
A +Jagy +fae, A et fag
Find the value of Hmit .
N+ fa, +.Jag + 252, 13, +....+\/a210n
Sol.
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Page # 42 LIMIT
[ Exercise-v | JEE PROBLEMS ]
) _3\ Lim sin(nx)[(a—n)nx —tanx] :
1. Forxe R, HM (ﬁ] = [IEE2000 (Scr.)] | 3 I x50 <2 = 0(n>0) then the
(A) e (B) e (C) s (D) e5 value of ‘a’ is equal to [JEE 2003 (Scr.)]
Sol. 1 n? +1
(A) o (Bynz+1 (©) - (D) None
Sol.
Lim sin(ncos? x)
2. o~ > — equals [JEE 2001 (Scr.)] Li 2 A1
X 6. Find the value of nL)"!o h(nﬂ)oos (Hj—n}_
T
A) -n B) n C - D)1
() (®) © 2 (B) [JEE 2004, 2]
Sol. Sol.
2
a-va?-x2-X
| 7. LetL= M ——2,a>0,IfLis finite,
Lim 2" -a*™ 0. [REE 2001, 3 X
:jvamate x>0 tany —anx ' 2> 0 [ r31 | then [JEE 2009, 4]
) 1 1
(A)a=2 (B)a=1 ©L=5 OL=4
Sol.
. -1 _aX
4. The integer n for which M (cosx )((;osx ) is Lim -
X 8.If .y [L+xIn(1+b")]* =2bsin?6, b > 0and
a finite non-zero number is [JEE 2002 (Scr.), 3] | g ¢ (-x, n]. Then the value of 8 is [JEE 2011, 3]
(A)I 1 (B) 2 (C)3 (D) 4 . . . .
Sol. + 2 + = + 2 + =
Wy B3 Oz (D5
Sol.

MoTio
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Answer Ex-I

SINGLE CORRECT (OBJECTIVE QUESTIONS)

1. c 2. D 3. D 4, B 5. D 6. C 7. C 8. C 9. A
10. C 11. B 12. C 13. A 14. A 15. B 16. C 17. C 18. D
19. D 20. B 21, C 22, C 23. B 24, C 25. A 26. B 27. A
28. B 29. C 30. C 31. A 32. D 33. C 34. A 35. B 36. B
37. B 38. A 39. A 40. D 41. C 42. A 43. B 44. C 45. C
46. A 47. C 48. D 49. A 50. C 51. B 52. A 53. D 54, A
55. A 56. B 57. A 58. C
Answer Ex-II MULTIPLE CORRECT (OBJECTIVE QUESTIONS)
1. ABC 2. AB 3. AB 4. ABCDS5. AD 6. AD 7.BCD 8.ABCD 9. A,C
10. BD
Answer Ex-llI SUBJECTIVE QUESTIONS
45 P-q
1. Y 2.2 3. 5050 4.2 5. 5
1 1 2 . .
6.a = > r= 7 ;S = 3 7./n2 8. (a) does not exist ; (b) does not exist ; (c) 0
1 1 1 J3
9 -3 10 32 11. 1642 12, > 13.1/2 14. 1
: - 1 9 4
15.(i)a=1,b=-1 (ii)a=-1,b= 2 16. -2 17.7-3 18.—2 /n 5

19. 82 (/n 3)

22. (/na)" 23.72

28.c=/n2 29. et

24.a-b

30. e'2

26. @

25.-1/2
/ 2

20.-3,-3,-3 21.(a)n/2ifa>0;0ifa=0and -n/2ifa<0; (b)f(x)=]x|

27.¢e8
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Answer Ex-1V ADVANCED SUBJECTIVE QUESTIONS
1. T 2. o2 3. %, = 4. e 5 6. ¢ 2
S . e "5 oo . € . (a,.8,.85 . a,) . €
2,2
7. e® Tt 10167 11. = 12.1/2 13.8
16a 3
1 X X  sinx 1 1 3
_ 10X X sinx _1. 1. -
14. T(x) 5 tan 5 .sin x or tan 5 5 S(x) 5 X 5 sin x, limit 5
15.g(x) =sinxand/=¢e 6. % 17. 19 18.a=-5/2,b=-3/2
2L
20. Y 21.4 22. 307 23. (a) 2, (b) D.N.E., (c) 0, (d)O
24.(a)2; (b)1/2 25. 683

Answer Ex-V

JEE PROBLEMS

1.C 2.B 3./na
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